We consider a system of masses and springs, such that all springs have equal stiness K; except those springs that possibly connect the boundary masses to earth, and such that all masses except the rst and the last are equal to M: The eigenfrequencies of this four parameter system can be written in terms of the zeros of certain linear combinations of Chebyshev polynomials. The physical behaviour of the system suggests su cient conditions for the parameters such that these zeros are all real. It will be shown by Sturm's theorem that under these conditions the eigenvalues of the matrix of the system are real and 0, which implies the conjecture about the zeros. When some additional conditions for the parameters are satis ed, we even can conclude that all the zeros are located in the interval (?1; 1):
Introduction
In many elds of engineering, such as mechanical, electrical, physical and chemical egineering, one-dimensional cascades of capacitive and inductive elements are often used for modelling. For instance in mechanics cascades of bodies and springs are studied as models for multi-story highrise buildings, trains etc. In physics such cascades are considered in the context of one-dimensional many-body problems with nearest neighbours interaction. In electrical engineering cascades of capacitances and inductances are used for modelling electrical lines, chips etc.
The dynamic behaviour of such cascades has been studied by many authors (see 3] for references). In 6] the connection between systems of masses and springs and the properties of some classes of matrices is dealt with. In 4] and 7] mass-spring systems are linked with orthogonal polynomials and solutions for in nite chains are presented.
1
In a recent paper 1] the pulse-responses of some nite and semi-in nite cascades of masses and springs are treated and solutions of the concerning system of di erential equations are obtained by means of Laplace transformation. In a number of special cases the inverse Laplace transformation has been performed. In the general case, however, the solution in the Laplace variable s is given by a rational function in s (see (21)) and for the inverse Laplace transformation it is essential to know the location of the zeros of the denominator, which is a linear combination of Chebyshev polynomials of the second kind.
It is the purpose of the present paper to determine the location of these zeros in all physically relevant cases. After describing the model and the solution of the system as used in 1], Theorem 1 deals with the zeros in the most general case (a linear combination of ve Chebyshev polynomials of the second kind of odd degree involving four parameters), whereas Theorems 3, 4 and 5 treat some reduced cases with less parameters.
In 2] cascades of masses and springs with free boundaries are used as models for trains and the propagation of waves in such systems is studied. The result of Theorem 3 is needed in this paper.
Model
We consider a chain of material points with mass M j (j = 1; 2; :::; n) connected by springs with sti ness In this model we assume that all springs have equal sti ness K; except those springs that possibly connect the boundary masses to earth, and that the mass of all the bodies except the rst and the last are equal to M. Hence we take The masses M 1 and M n may be chosen in an arbitrary way but > 0. The sti nesses K 0 and K n of the springs at the boundaries may be taken in an arbitrary way but 0: If K 0 = 0; the system has a free boundary at the left side, if K n = 0; the system has a free boundary at the right side. We consider the response of this system to a step force F 0 on the rst mass. The equations of motion are (t > 0) 
a 00 n ( ) = (1 ? )a n?1 ( ) + ( ? 2)a n ( ):
(7) Without loss of generality the force F 0 can be chosen such that the initial conditions are a 1 (0) = 1; a j (0) = 0; j = 2; 3; :::; n; (5), (6), (7) with (8) and (9) 
s 2 a n (s) = (1 ? )a n?1 (s) + ( ? 2)a n (s): 
where j = 0; 1; :::; n ? 1 and U m (x) denotes the Chebyshev polynomial of the second kind and U ?1 (x) = 0: Since in the inverse Laplace transformation non-real zeros of the denominator will lead to exponential terms with positive real part, which in the physical situation of a mass-spring system is impossible, we formulate the following theorem. 
Hence if we putx = is 2 , wherex is a zero of (22), then 4x 2 is an eigenvalue of the matrix (23). Therefore theorem 1 can be reformulated as We notice that for < 1; < 1 the coe cients a j?1 j and a j j?1 are all negative which implies that the polynomials 
Special cases
In a number of special cases, equation (21) 
are all real and simple and situated symmetrically around 0; for = 1, z = 0 is a double zero and the other zeros are real and simple.
(ii) For ?1 < < 1 all the zeros of (27) are situated in the interval (?1; 1); for = ?1; ?1 and 1 are zeros of (27) and the other zeros are situated in (?1; 1 
